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PREFACE 



In this book authors introduce the notion of finite complex 
modulo integer intervals. Finite complex modulo integers was 
introduced by the authors in 2011. Now using this finite 
complex modulo integer intervals several algebraic structures 
are built. 

Further the concept of finite complex modulo integers itself 
happens to be new and innovative for in case of finite complex 
modulo integers the square value of the finite complex number 
varies with varying n of Z n . 

In case of finite complex modulo integer intervals also we 
can have only pseudo ring as the distributive law is not true, in 
general in C([0, n)). Finally the concepts of pseudo vector 
spaces and pseudo linear algebras are introduced. At every stage 
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the neutrosophic analogue is also defined, developed and 
described. 



Several interesting properties about these new structures 
built using C([0, n)) and C(([0, n) u I» are described. There are 
several open problems suggested. 

We wish to acknowledge Dr. K Kandasamy for his 
sustained support and encouragement in the writing of this 
book. 



W.B.VASANTHA KANDASAMY 
FLORENTIN SMARANDACHE 
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Chapter One 



INIXOXJCTOV 



In this chapter we just introduce the notion of finite 
complex modulo integer interval 

C([0, n)) = {a + bi F I a, b e [0, n), ip = n-1}. 

We know the finite modulo integer 

C(Z n ) = {a + bi F I a, b e Z n ), ip = n-1 }, i F is the finite complex 
modulo integer which depends of the interger n. For more 
about finite complex modulo intergers refer [53]. 

The diagrammatic representation of Z n is as follows: 



(fcn 
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The diagrammatic representation of C(Z n ) is given in the 
following : 



0=n 




The diagrammatic representation of the modulo interval 
[0, n) is as follows: 
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The diagrammatic representation of C([0, n)) 



0=n 




C([0, 3))= {a + bi F la,b e [0, 3), i’ =2}. 

C([0, 19)) = {a + bi F I a, b e [0, 3), i’ = 18} 
and so on. 

Now B = C([0, n)) can be made into a pseudo ring for + and 
x are non distributive that isax(b + c)^axb + bxcin 
general for a, b, c e B. 

However B is an abelian group under addition modulo n. B 
is an abelian semigroup under product modulo n. 

Further B under min operation is a semigroup known as the 
finite complex modulo integer interval semigroup. Similarly 
{C([0, n)), max} also is a semigroup of the finite complex 
modulo integer interval. 

However they exibit distinct properties under max and min 
operations. We see {C([0, n), min, max} is a semiring called 
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the finite complex modulo integer interval semiring. In the ring 
no ideal can be a filter and vice versa. Both filters and ideals 
are of infinite cardinality. But {C([0, n)), min, x} happens to 
be a pseudo semiring ring as 

a x min {c, d} ^ min {a x c, a x d} in general for a, c, d e 
C([0, n)). In this pseudo semiring we have filters to be ideals. 

Further we see D = C (([0, n) u I}) = {a + bi F + cl + dIi F l a, 
b, c, d g [0, n), ip= n-1 (Ii F ) 2 = (n-l)I and I 2 = 1} is the 
neutrosophic finite complex modulo integer interval. 

Now on this D also analogous study as in case of C([0, n)) 
has been made. This is a richer structure and of course B c D 
as proper subsets. Certainly all these study can lead to several 
applications. For properties about the neutrosophic concepts 
please refer [53]. 

Finally we build vector spaces using C([0, n)) and C «[0, n) 
u I)). We see they are vector spaces if n is a prime over Z p . 

If n is not a prime they can be vector spaces over S -rings Z n 
or C(Z n ) or (Z n u I) or C «Z n u I». Flowever they fail to be 
linear algebras over Z p or over S -rings mentioned above. They 
are only pseudo linear algebras for distributivity is not in 
general true for every triple. 

But only when vector spaces or linear algebras are defined 
over C([0, n)) (or C (([0, n) u I)) it can help us define inner 
product and linear functionals. 

Flence this sort of study is carried out in the last chapter of 
this book. Several open problems are suggest as the field is 
very new hence can lead to several nice applications is various 
fields of research. 




Chapter Two 



Finite Cc^]^M)duix) 
Integer Iniewals 



In this chapter we for the first time define the notion the 
complex modulo integers on the intervals. Finite complex 
modulo integers have been defined in [53]. 

C(Z n ) = {a + bi F I a, b e Z n and ip = n-1}. Study on this 
collection was also made in [53]. 

However IC(Z n )l < go. But these interval finite complex 
numbers arc defined as follows. 

Definition 2.1: Let 

C([0, n)) - {a + bi F I a, b e [0, n); i 2 F - n-1}; n > 1. C([0, n)) 
is defined as the finite complex number modulo integer interval. 



Clearly C([0, n)) = oo. Further C(Z n ) cz C([0. n)). 
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Note: We see n = 1 has no relevance to the situation as ip = 

1 and 1 <£ [0, 1). Hence complex finite modulo integer interval 
can be defined only when n > 1 (n = 1 it is not defined). 

We will illustrate this situation by some simple examples. 

Example 2.1: Let C([0, 5)) = {a + bi F I a. b e [0, 5), ip = 4} be 
the finite complex modulo integer interval; clearly 
o(C([0, 5)) = oo. 

Example 2.2: Let C([0, 10)) = {a + bi F I a, b e [0, 10), ip = 9} 
be the finite complex modulo integer interval. 

Clearly o(C([0, 10)) = oo. 

Example 2.3: Let C([0, 45)) = {a + bi F I a, b e [0. 45), ip = 44} 
be the finite complex modulo integer interval. 

Example 2.4: Let C([0, 125)) = {a + bi F I a, b e [0, 125), ip = 
124} be the finite complex modulo integer interval. 

Now having seen a few examples of them we now proceed 
onto define some operations on them. 

We first define the plus operation modulo n on C([0, n)). 



Example 2.5: Let us take 

C([0, 6)) - {a + bi F I a, b e [0, 6), f F - 5, +}. 

Define + modulo 6 on C[0, 6). 

Let x = 0.37 + 4.27 i F and y = 5.63 + 1.2 i F e C([0, 6)). 

x + y = (0.37 + 4.27i F ) + (5.63 + 1.2i F ) 

= (0.37 + 5.63) + (4.27 + 1.20)i F 
= 6 + 5.47i F 
= 0 + 5.47i F eC([0, 6)). 
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This is the way the + modulo 6 operation is performed on 
C([0, 6)). 

0 + 0i F = 0 acts as the additive identity of C([0, 6)). 

We see C([0, 6)) is closed under + and infact C([0, 6)) is a 
group. 

For every x e C([0, 6)) we have a unique y such that 
x + y = 0. 

Suppose x = 3.2119 + 2.6075 i F e C([0, 6)) is such that 

x + y = 3.21 19 + 2.6075i F + 2.7881 + 3.3925i F 
= (3.2119 + 2.7881) + (2.6075 + 3.3925)i F 
= 6 + 6i F = 0 + 0i F = 0 is the additive identity of 

C([0, 6)). 

Thus C([0, 6)) is a finite complex modulo integer interval 
group of infinite order which is commutative. C([0, 6)) also has 
subgroups of finite order also. 

Example 2.6: Let C[0, 8)) = {a + bi F I a, b e [[0, 8), ip = 7. +} 
be the additive abelian group of infinite order. 

Let Z 8 = {0, 1, 2, 7} c C([0, 8)) be a subgroup of finite 

order. 

C(Z 8 ) = {a + bi F I a, b e Z 8 , ip = 7, +} c C([0, 8)) is a 
subgroup of finite order. 

L = {0, 4, 4ip, 4 + 4ip} c C([0, 8)) is a subgroup of order 
four. 

M = {0, 4 + 4ip, +} is again a subgroup of finite order and 
o(M) = 2. 
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N = {0, 2i F , 4i F , 6 ip, +} c C([0, 8 )) is a subgroup of order 
four under +. 

Example 2. 7: Let 

C([0, 19)) = {a + bi F I a, b e [0, 19), ip = 18, +} be the finite 
complex modulo integer group under + of infinite order. 

C([0, 19)) has subgroups of both infinite and finite order. 
Z 19 is a finite subgroup under +. 

C(Z 19 ) is again a finite subgroup under + and so on; 
{[0, 19), +} cr C([0, 19)) is a subgroup of infinite order. 
S = {aiF I a e [0, 19), +} is a subgroup of C([0, 19)) under 
addition. 

Thus C([0, 19) has subgroups of both finite and infinite 
order. 

Example 2.8: Let 

S = C([0, 24))) = {a + bip I a, b e [0, 24), i; = 23, +} be the 
finite complex modulo integer group under +. S is an infinite 
group under +. S is of infinite order. S has subgroups both of 
finite and infinite order. 

Infact this S has more number of finite subgroups as 24 is a 
composite number. 

Inview of all these we have the following theorem. 

Theorem 2.1: Let 

S = {C([0, n))j - {a + bi F I a, b e [0, n), i 2 F - n-1, +} be the 
finite complex modulo integer interval group of infinite order. 

(i) S has both finite and infinite order subgroups. 

(ii) If n is a composite number S has more number of 
finite subgroups. 
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( Hi) Z„ is a subgroup of order n. 

(iv) C(Z„) is a finite complex modulo integer finite 
subgroup of S. 

(v) T = { ai F la € [0, n), +} is an infinite complex 
number subgroup. 

(vi) M - {a \ a € [0, n), +j is an infinite real subgroup. 
The proof is direct hence left as an exercise to the reader. 

Example 2.9: Let 

M = {C ([0. 28))} = {a + bi F I a, b e [0. 28); i; = 27} be the 
complex finite modulo integer group of infinite order. 

W = {a + bi F I a, b e Z 28 , ip = 27} c M is a subgroup of 
finite order which is a complex finite modulo integer group of 
finite order. 

L = {a I a e Z 28 , + } cMisa finite subgroup of order 28. 

T = { ai F I a e Z 28 , +}cMisa subgroup of finite order. 

V = {a I a e [0, 28), + } cMis an infinite subgroup of real 
numbers in the semi open interval. 

B = {ai F I a e [0, 28), + } cMis also an infinite subgroup of 
finite complex modulo integers. 

Example 2.10: Let 

M = {C ([0, 27)} = {a + bi F I a, b e [0, 27), ip = 26, +} be a 
group of infinite order. 

Now using C([0, n)) we can build groups under +. This is 
illustrated by the following examples. 
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Example 2.11: Let 

S = {(ai, a 2 , ag) I a ; e ([0, 9); 1 < i < 8, +} be a group of 
infinite order; (0, 0 0) acts as the additive identity. 

Let A = { (ai, 0, 0, 0) I ai = a + bi F e C([0, 9)), +} c S is 

a subgroup of infinite order. S has several subgroups of both 
finite and infinite order. 

Example 2.12: Let 

M = { (ai, a 2 , a 2 ) where a ; e C([0, 28)); 1 < i < 3, +} be a group. 

Let x = (0.71 + 4.3 Hf, 8.4 + 15.2i F , 11.5 + 3.2 li F ) and 
y = (27.29 + 23.69i F , 19.6 + 12.8i F , 16.5 + 24.79i F ) e M. 

We see x + y = (0.71 + 4.3 li F , 8.4 + 15.2i F , 11.5 + 3.2i F ) + 
(27.29 + 23.69i F , 19.6 + 12.8i F , 16.5 + 24.79i F ) 

= (0.71 + 4.3 li F + 27.29 + 23.69i F , 8.4 + 15.2i F + 19.6 + 
12.8i P , 11.5 + 3.21i F + 16.5 + 24.79i F ) 

= (0.71 + 27.29 + 4.3 li F + 23.69i F , 8.4 + 19.6 + (15.2 + 

17.8)i F , 11.5 + 16.5 + 3.2 li F + 24.79i F ) 



= ( 0 , 0 . 0 ). 



Thus x is the inverse of y and y is the inverse of x under +. 



Example 2.13: Let 



a i 

a 2 



a 5 

a 6 



ai = a + bl e C ([0, 24)), 1 < i < 6, +} 
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be the column matrix finite complex modulo integer interval 
group under +. 

P has subgroups of finite order and infinite order. 

Example 2.14: Let 

a i a 2 a 3 

V=J a . 4 a . 5 a . 6 a ; e C([0,48)), 1 <i<24.+} 

L a 22 a 23 a 24 J 

be the group of infinite order. 

V has several finite subgroups and infinite subgroups. 

Example 2.15: Let 

a i a 2 a 3 

W = < a 4 a 5 a 6 a ; e C ([0, 12)), 1 < i < 9. +} 
a 7 a 8 a 9 _ 

be the finite complex modulo integer interval group under + . 
Example 2.16: Let 

3-2 3^3 &4 

d 7 a 8 

W=j f , 6 , 7 , 8 a, g C ([0.28)), 1 <i<40,+} 

l a 37 a 38 a 39 a 40 j 

be the group of finite complex modulo integer interval [0, 28). 

This S also has several subgroups of both finite and infinite 
order. 
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Example 2.17: Let 

T= {(a! I a 2 a 3 1 a 4 a 5 1 a 6 ) I a; e C ([0, 27)), 1 < i < 6, +} 

be the super matrix finite complex modulo integer interval 
group. 

Example 2.18: Let 




1 <i<49, +} 

be a super matrix group of finite complex modulo integer 
interval [0, 43). This M is of infinite order and has several 
subgroups of finite and infinite order. 

Example 2.19: Let 




a; g C ([0, 248)), 1 < i < 40, ip = 247, +} 

be the super row matrix group of finite complex modulo integer 
intervals of infinite order. S has subgroups of finite as well as 
infinite order. 
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Infact S has atleast 40 subgroups which is isomoiphic to the 
group G = {a + bi F I a, b e [0, 248), i 2 = 247, +} = {C ([0, 248), 
+}• 



S has atleast 80 subgroups of order 248. S has atleast 80 
subgroups of order (248) 2 . 

S has atleast 80 subgroups of infinite order equal to order of 
G and so on. 

Example 2.20: Let 



S = 



3ieC([0, 11)), 1 < i < 30, i; =10,+} 



be the super column matrix of finite complex modulo integer 
interval group of infinite order. 

S has 13 subgroups isomoiphic to { C( [0, 11)), +} 

S has at least 3 ( 13 C 1 + i 3 C 2 + ... + 13 C 12 ) number of finite 
subgroups. 




